The approximately analytical bound and scattering state solutions of the arbitrary −wave Klein-Gordon equation for the mixed Manning-Rosen potentials are carried out by an improved new approximation to the centrifugal term. The normalized analytical radial wave functions of the −wave Klein-Gordon equation with the mixed Manning-Rosen potentials are presented and the corresponding energy equations for bound states and phase shifts for scattering states are derived. It is shown that the energy levels of the continuum states, reduce to the bound states of those at the poles of the scattering amplitude. Some useful figures are plotted to show the improved accuracy of our results and the special case for −wave is studied briefly.
Introduction
There has been a growing interest in studying the exact solutions within the framework of non-relativistic quantum mechanics and relativistic quantum mechanics since they contain all the necessary information regarding the quantum system under consideration. For example, the exact solutions of the Schrödinger equation for a hydro-gen atom and for a harmonic oscillator in three dimensions are an important milestone at the beginning stage of quantum mechanics, which provided a strong evidence for supporting the correctness of the quantum theory [1] [2] [3] . The investigation of exactly solvable systems has been drawing people's attention all the time, for example the recent discovery of the hidden bosonized suppersymmetry in reflectionless hyperbolic Pöschl-Teller system [4] [5] [6] . However, the exact solutions are rare such that many quantum systems have to be treated by approximate methods. For example, some authors have approximately solved the Schrödinger and Klein-Gordon equations for some po-tentials, these potentials include the Manning-Rosen potential [7] , the Eckart potential [8] , Hulthén potential [9] , the Pöschl-Teller potential [10] , etc. Based on previous work [7] [8] [9] [10] , we have applied a proper approximation to the centrifugal term to obtain approximately analytical −wave scattering solutions of the Schrödinger equation with the Manning-Rosen potential [11] , the Eckart potential [12] and −wave bound solutions with the second Pöschl-Teller like potential [13] and the the hyperbolical potential [14] within the frame work of non-relativistic and relativistic quantum mechanics. The Manning-Rosen potential is an importantly solvable exponential-type potential describing diatomic molecules in quantum mechanics. It was first considered by Manning [15] and Rosen [16] in 1933 due to its importance in the description of vibration behavior of diatomic molecules model in physics and chemical physics. The −wave bound and scattering states of the Schrödinger equation for this potential have been carried out by using the factorization method [17] , the function analysis method [18] and path integral approach [19] , respectively. In addition, Ikhdair and Sever have also studied the arbitrary −wave solutions of the D-dimensional Schrödinger equation with the Manning-Rosen potential [20] by Nikiforov-Uvarov approach. Soylu et al. [21] have obtained the analytical solutions of the Klein-Gordon equation for the equal scalar and vector Rosen-Morse potential and Eckart potential as well as parity-time symmetric version of these potentials by using the asymptotic iteration method. As mentioned above, the Manning-Rosen potential cannot be solved exactly for the arbitrary states except for an approximation to the centrifugal term [7, 11, 20] . However, It should be noted that the results obtained previously [7, 11] are in good agreement with those obtained by using the program based on a numerical integration procedure [22] for the short-range potential, but the difference between them appears for the long-range potential. Therefore, it is necessary and of considerable interest to find a new approximation approach to deal with the bound state and scattering state for Manning-Rosen potential. Its expression is given by [7, 11] 
where α and A are two dimensionless parameters, and parameter β is related to the range of the potential. It is obvious that this potential remains invariant under the change α ↔ 1 − α. On the other hand, it should be noted that one has paid more attention to the study of the bound states than that of the scattering states for a given quantum system during the past several decades. Nevertheless, we have to study both of them in order to understand the studied quantum system completely. 
Bound and scattering states of the arbitrary −wave Klein-Gordon equation
In spherical coordinates, the Klein-Gordon equation with the scalar potential S( ) and vector potential V ( ) is given by ( = = 1)
where E is the relativistic energy of the system, and M denotes the mass.
By taking
, and substituting it into equation (2), we obtain the radial Klein-Gordon equation as
Here, we consider the case when the scalar potential and vector potential are equal Manning-Rosen potentials, i.e.,
and inserting it into equation (3), we have
Obviously, equation (5) cannot be solved analytically due to the centrifugal term. Therefore, we must use a proper approximation for the centrifugal term similar to other authors. Unlike the following approximation used in the previous work [7] [8] [9] [10] [11] [12] [24] [25] [26] ,
here we applied a new approximate scheme to the centrifugal term [23]
which reduces to equation (6) when ω = 1. a) For bound states E < M, inserting equation (7) into equation (5) allows us to obtain
Introducing a new variable = exp(− /β), equation (8) can be further transformed into the following form
According to Frobenius theorem, the singularity points of the above differential equation play an important role in the expression of the wave functions. The singular points here are at = 0 and at = 1. As a result, we take the wave function as follows
where
The substitution of equation (11) into equation (10) gives (13) whose solutions are hypergeometric functions [27] , whose general expression can be given by
For bound states E < M, with the boundary condition
By considering another boundary condition i.e., → 1 ( → 0), ( ) tending to finite value, the quantum condition is given by
The substitution of equation (15) 
The energy level E is determined by the energy equation (18) , which is rather complicated transcendental equation. The correspondingly analytical wave functions can be expressed as
2 F 1 (− 2λ+2δ+2+ ; 2λ+1; ) (19) where N is the normalized constant to be determined below. The normalization condition 
Introducing a new variable = 1 − exp(− /β), equation (24) can be further transformed into the following form
Similar to non-relativistic case [11, 12] , the wave function takes the form 
The substitution of equation (27) into equation (26) gives
The general solution of the above hypergeometric equation [27] can be given by 
Considering the boundary condition i.e., → 0( → 0), ( ) tending to finite value, the allowed solution is
and the correspondingly analytical wave function can be expressed as
where˜ ,˜ and˜ are given by equation (31), andÑ is the normalized constant.
Before deriving the phase shifts, let us recall a recurrence relation of the hypergeometric function, which is used to analyze the asymptotic behavior of the wave function and present the normalized constant and phase shifts, The substitution of equations (31) and (36) into equations (39) and (40) allows us to write the expressions of the normalized constant and phase shifts as follows
Before concluding this section, let us study the properties of the scattering amplitude. We find that the energy levels of the continuum states reduce to those of the bound states at the poles of the scattering amplitude. For this purpose, we discuss the properties of Gamma function 
At the poles of the scattering amplitude, the corresponding energy equation is given by
By comparing the above equation (45) with equation (18) and observing the relations of corresponding parameters, i.e., ↔ λ,δ ↔ δ andη = η, it is easy to find that equation (45) completely coincides with equation (18) . It is well shown that the poles of S-matrix in the complex energy plane correspond to bound states for real poles and scattering states for complex poles in the lower half of the energy plane [28, 29] . That is to say, the energy levels of the continuum states reduce to those of the bound states at the poles of the scattering amplitude.
Discussion
In this section, let us study the special cases, i.e., we shall study the −wave case ( = 0). a) For bound states, from equations (12) and (15), we have δ = 1 2 −1 + 4α(α − 1)η + 1 , and corresponding parameters , , and are simplified as
In this case, from equation (5) we have the centrifugal term ( + 1)/ 2 = 0 and the improved new approximation to it
Therefore, the corresponding radial wave function Eq. (19) and energy equation Eq. (18) reduce to those of the exact solutions of −wave relativistic bound states for the Manning-Rosen potential (17) and (18) of our recent work [30] . Now, we further consider the non-relativistic limit of energy equation (48). If so, equation (48) reduces to the non-relativistic results for the potential 2V ( ). In other words, the non-relativistic limit of energy equation (48) is the non-relativistic energy equation of the potential
for −wave case. Referring to previously published methods [9, 24, 25] , we have
If we compare above equations with the corresponding equation (26) of Ref. [31] , i.e., letting = 0 in equation (26) of Ref. [31] , and observing the relations of corresponding parameters, i.e.,
, it is not difficult to find that the above equations coincide with equation (26) of Ref. [31] by Nikiforov-Uvarov approach. b) For scattering states, from equations (28) and (31) If so, the centrifugal term and the improved new approximation to it are all zero. Therefore, these obtained results (33), (41) and (42) reduce to the exact solutions of −wave relativistic scattering state for the Manning-Rosen potential
Accuracy analysis
To show the improved accuracy of our results, the plots of the centrifugal term 1/ 2 (solid line), the improved new (6) is a good approximation to the centrifugal term for short potential range, i.e., large β (for example, β = 5 15 1 15), but not a good approximation to the centrifugal term for large potential range, i.e., small β (for example, β = 0 65). In order to improve the accuracy in studying the bound and scattering states of the Manning-Rosen potential in the whole potential range, the improved new approximate scheme Eq. (7) has been applied in the present work. It should be mentioned that parameter ω is an effectively adjustable parameter and should be very close to 1 for short potential range, i.e., large β, and bigger than 1 for long potential range, i.e., small β as shown in figures 1 to 3. Although the parameter ω could not make good adjustable function when variable > 4, the improved new approximate scheme given in equation (7) is obviously much better than the conventional approximation given in equation (6) as shown in figures 1 to 3, especially when variable < 4.
Conclusions
In this work the approximately analytical bound and scattering state solutions of the arbitrary −wave KleinGordon equation with the mixed Manning-Rosen potentials have been presented by taking an improved new approximation to the centrifugal term. The normalized analytical radial wave functions are obtained and correspondingly relativistic energy equations for bound states and phase shifts for scattering states are derived. It is shown that the energy levels of the continuum states reduce to those of the bound states at the poles of the scattering amplitude. Also, when we consider the special case for −wave it is found that these obtained results reduce to . It is shown that parameter ω is an effectively adjustable parameter and should be very close to 1 for short potential range, i.e., large β, and bigger than 1 for long potential range, i.e., small β as shown in figures 1 to 3, and the improved new approximate scheme given in equation (7) is much better than the conventional approximation given in equation (6) .
